Abstract. The Erdős-Kac type result for curvatures of circles in integral Apollonian packings is proved.
Introduction
A classical Descartes configuration consists of four mutually tangent circles in the plane. An Apollonian circle packing P arises as a result of the following procedure: starting with a given Descartes configuration, one can construct four new circles, each of which is tangent to three of the given ones and then keep repeating the procedure for each subconfiguration. In this note we consider bounded Apollonian packings (an unbounded one arises if two of the circles in the starting configuration are parallel lines whose tangency point is at infinity). The Hausdorff dimension α = 1.305... of the residual set obtained by removing of all interiors of circles in the packing P, does not depend on P, since any two packings can be transformed into each other by Möbius transformations.
The curvature of a circle is the reciprocal of its radius, and for a bounded Apollonian packing P we denote by N P (T ) the number of circles in the packing P whose curvature is at most T . Concerning the growth rate of N P (T ), the first result is showed in [2] :
and more recently and more precisely, Kontorovich and Oh in [6] , using the LaxPhillips spectral theory for the Laplacian on the infinite volume hyperbolic three manifold and the corresponding Patterson-Sullivan base eigenfunction theory, obtained the purely polynomial asymptotic 
from which easily follows that if the curvatures in the initial Descartes configuration of P are integers, then all others are in Z as well, and in that case we say that the packing P is integral. Moreover, if we assume that gcd(a, b, c, d) = 1 for the initial curvatures, then we call P a primitive integral. One such configuration is for example (−6, 11, 14, 23), where −6 indicates different orientation of the outer circle. Such integral Apollonian circle packings are the source of intriguing arithmetic questions, some of them described in [3] . For example, if π P (T ) denotes the number of circles with prime curvature at most T in bounded, primitive integral Apollonian packing P, Sarnak showed in [7] that
by reduction to Iwaniec's result in [5] , obtained by half-dimensional sieve. Conjecturally,
and an upper bound of correct order of magnitude is proved in [6] :
The classical Erdős-Kac theorem establishes normal distribution of the sequence
, where ω(n) is the number of distinct prime divisors of n and n runs over all natural numbers. One can ask a similar question for any other arithmetically interesting sequence.
In this note we demonstrate the following Erdős-Kac type result concerning the distribution of numbers of distinct prime divisors of curvatures in integral Apollonian circle packings: Theorem 1.1. Let P be any bounded, integral, primitive Apollonian circle packing, and let AP(T ) be the multiset of curvatures of the circles in P of radius at least T −1 . Then for all α β, we have:
Notation is standard: f = O(g) or f g means that for some constant C > 0, |f | Cg and f g means that both f g and g f hold.
Sieving data: counting on orbits of a Kleinian group in a cone
In order to gain access to the arithmetic properties of the set of curvatures of an integral Apollonian packing that are required for the main result, one has to be able to perform the sieving procedure that we describe in this section. Such a sieve, on orbits of non-commutative groups is initiated and to the considerable extent developed by Bourgain, Gamburd and Sarnak in [1] . The existence of the underlying group is exactly the reason why extraction of such an arithmetic information is possible.
The orthogonal group corresponding to the Descartes quadratic form
Also, denote by A = S 1 , S 2 , S 3 , S 4 the Apollonian group generated by reflections: 
while the curvature itself can be recovered as the value x 1 (ξγ) of the polynomial x 1 at the orbit point. Because of this setup and symmetry between a, b, c, d, we will investigate Erdős-Kac statistic on the multiset (counting with multiplicities) {a | (a, b, c, d ) a Descartes config. in P with max(|a|, |b|, |c|, |d|) T } of curvatures at most T in the packing P. Now if we denote by ι : . The limit set Λ(Γ) of a Kleinian group Γ is defined as a set of limit points of an orbit Γz, z ∈ H 3 in the boundary ∂ ∞ (H 3 ) = C ∪ {∞}. The Hausdorff dimension of Λ(Γ) is denoted with δ Γ , and in the case of Γ coming from the Apollonian group A, δ Γ = α. For more information about these identifications, cf. [6] .
AP(T ) =
The base eigenvalue in Spec(Γ H 3 ), the spectrum of the Laplace operator Δ on
The principal congruence subgroups of Γ are defined by
and for them Spec(Γ(d) H
3 ) ⊇ Spec(Γ H 3 ). We will encounter for any squarefree d also the following congruence subgroups
The cornerstone of the required counting results is the following spectral gap theorem (because of which it was necessary to pass from A to Γ):
From the initial multiset AP(T ), we define the sifting sequence A(T ) = {a n (T )}, where
In fact, because of the counting results in [6] , we will switch to Γ and moreover we will count with a smoothed weight w T (from definition 8.3 in [6] , which controls the norm condition ξγ T by its support):
The crucial ingredient that we need is the asymptotic formula for square-free d, uniformly in some range d D, for the quantity
Now the inner sum can be evaluated using the spectral gap theorem given above [6, Proposition 8.7] : there exists ε 0 > 0, uniform over all square-free integers d, such that for any congruence subgroup Γ ξ (d) < Γ and for any γ 1 ∈ Γ,
where c > 0 is a constant depending on Γ and the smoothing parameters involved in w, but of course, independent of d. Together we have
where
, then g is multiplicative in the following sense: there is a finite set of bad primes B such that g( 
For the proof of this, we refer to [1] or [6] .
The Erdős-Kac for small prime divisors
We assume that for a finite multisetÃ of X natural numbers (or associated sifting sequence A = (a n = |{a ∈Ã : a = n}|) n ) we can find a real valued, nonnegative multiplicative function g(d), by means of which we can model the sequence A in the following sense: for a square-free d,
where g(d) ∈ [0, 1] represents "probability" of finding elements in A with d|n and r d has a role of remainder term and should be small for each d or at least small on average in some range of d. In this general sieving environment Granville and Soundararajan proved the following moment result which describes the distribution of the number of "small" prime divisors of elements inÃ. For a fixed parameter z > 0, let ω z (n) denote the number of different primes p z which divide n.
Proposition (Granville, Soundararajan [4] 
